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The equations governing the ﬂuid ﬂow are modeled, non-dimensionalized and solved analytically
using regular perturbation method. The effect of various ﬂow parameters on the ﬂuid ﬂow is
presented graphically and discussed.
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Appreciable progress has been made on the mechanics of third
grade ﬂuid in recent times. This is due to its numerous applica-
tions in geology, petro-chemical engineering, pharmaceutical
industries, lubricants, confectioneries etc. Since no single con-
stitutive model can adequately describe the complex rheologi-
cal properties of non-Newtonian ﬂuid. The third grade model
belongs to an important class of non-Newtonian ﬂuid with the
ability to represent the shear thickening and thinning property
of the ﬂuid. In fact, quite a lot has been done on the ﬂow and
heat transfer characteristics of the ﬂuid. For instance, Hayatet al. [1] analyzed the ﬂow and heat transfer characteristics
in the electrically conducting third grade ﬂuid through parallel
plates under different geometries. Hayat et al. [2] examined the
two-dimensional and magnetohydrodynamic (MHD) ﬂow of
thixotropic ﬂuid over a stretched surface in the presence of
thermal radiation with variable thermal conductivity. Shaﬁq
et al. [3] investigated the magnetohydrodynamic axisymmetric
ﬂow of a third grade ﬂuid between two porous disks.
Ellahi and Riaz [4] studied the inﬂuence of magnetohydro-
dynamics (MHD) on the pipe ﬂow and heat transfer of a third-
grade ﬂuid with variable viscosity. Hayat and Kara [5] studied
the time-dependent ﬂow of an incompressible third-grade ﬂuid
under the inﬂuence of a magnetic ﬁeld of variable strength
between the annular regions in two coaxial cylinders.
Moreover, Ellahi and Afzal [6] studied the effect of
temperature-dependent viscosity and viscous dissipation on
the non-Newtonian ﬂuid ﬂow through a porous medium using
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the ﬂow of a third grade ﬂuid in a porous half space based
on modiﬁed Darcy’s law. The result showed that that modiﬁed
Darcy’s law for unidirectional ﬂow of a third grade ﬂuid yields
non-linear expression in terms of velocity whereas it is linear
for Newtonian, Oldroyd-B, Maxwell and second grade ﬂuids.
Also, Ellahi et al. [8], addressed the heat transfer analysis on
the laminar ﬂow of an incompressible third grade ﬂuid through
a porous ﬂat channel in which the lower plate is assumed to be
at a higher temperature than the upper plate. Hayat et al. [9]
examined the slip effects on the ﬂow and heat transfer of a
third grade ﬂuid through a porous plate while in [10], Hayat
et al. presented the exact solution for a thin ﬁlm of third grade
ﬂuid ﬂow down an inclined plane.
All the above studies neglect the entropy production in the
ﬂuid ﬂow. However, from thermodynamics point of view,
entropy generation is continuous in moving ﬂuid with temper-
ature difference and can signiﬁcantly alter the success of the
desired goal. This is due to the fact that increased entropy gen-
eration rate translates into destruction of the available energy
for work between the heat reservoirs. This is one of the indices
used in predicting the thermal performance of a system. For
instance, Das and Jana [11] studied the combined effect of
magnetic ﬁeld and Navier slip on the entropy generation in a
ﬂow of viscous incompressible and electrically conducting ﬂuid
between two inﬁnite horizontal parallel plates under a constant
pressure gradient. Similarly, Adesanya [12] applied the second
law of thermodynamics to analyze the steady ﬂow viscous
incompressible liquid with temperature dependent properties.
Moreover, Makinde [13] studied the inherent irreversibility in
the ﬂow of a variable viscous ﬂuid through a narrow channel
with a non-uniform wall temperature. As a result, the present
analysis will follow the second law of thermodynamics. This
approach has been successfully applied in the literature to
investigate the thermal performance of some ﬂuid system
under different ﬂow conditions in Refs. [14–22] and lots more.
Motivated by the study [1], in the present paper, attention is
focused on the ﬂow of hot moving third grade ﬂuid through a
porous medium together with the thermodynamic analysis,
which was not accounted for in the previous models.
Emphasis is on the isothermal case due to its application in
geology. For instance, in a petroleum reservoir containing
hydrocarbons with low American Petroleum Institute (API)
degree and high viscosity. Intervention wells are drilled to
introduce hot steam with temperature T1 into a porous bed
of temperature T0. So that the ﬂow may be induced by temper-
ature difference and the pressure gradient in the ﬂow direction.
A survey of literature shows that little or nothing much has
been done in this area of study. This explains why the research
is worthwhile. The paper is organized as follows; in Section 2,
the problem is formulated. The third section gives the method
of solution. Results are presented and discussed in section four
while section ﬁve concludes the paper.
2. Mathematical formulation
Consider the steady ﬂow of a third grade ﬂuid ﬂow between
two inﬁnite porous plates of distance 2 h apart kept at temper-
ature T0. Due to the introduction of hot steam with tempera-
ture T1 into the channel the ﬂuid temperature T0 increases and
the ﬂuid temperature attains the temperature T1–T0 whereT1 > T0. The entropy lost in the hot region is gained in the
cold region in accordance to second law of thermodynamics.
The equations governing the ﬂuid ﬂow are formulated based
on the following assumptions; the ﬂow is acted upon by a con-
stant pressure gradient, the induced magnetic ﬁeld is negligible
and buoyancy forces are neglected.
Under this conﬁguration, the velocity ﬁeld is given by (see
Fig. 1)
V ¼ u0; 0; 0ð Þ; ð1Þ
while the conservation of momentum and balanced energy
equation for the hydromagnetic ﬂuid are given by
r  V ¼ 0; ð2Þ
q
DV
Dt
¼ r  S; ð3Þ
qcp
DT 0
Dt
¼ kr2T 0 þ S  L: ð4Þ
The Cauchy stress tensor S is deﬁned as
S ¼ p1Iþ lA1 þ a1A2 þ a2A21 þ b1A3
þ b2ðA1A2 þ A2A1Þ þ b3ðtrA21ÞA1; ð5Þ
where the ﬁrst three kinematic tensors Ai(i= 1, 2, 3) are
deﬁned by
A1 ¼ rVþ rVð Þt; ð6Þ
An ¼ dAn1
dt
þ An1ðrVÞ þ rVð ÞtAn1; n ¼ 2; 3: ð7Þ
where V= [u(y), 0, 0] is the velocity ﬁeld, L= grad V, q is the
constant ﬂuid density, J is the current density, B is the total
magnetic ﬁeld, E is the total electric ﬁeld, lm is the magnetic
permeability, R is the Darcy’s resistance, S is the stress tensor,
Cp is the speciﬁc heat, k is the thermal conductivity, T
0 is the
dimensional ﬂuid temperature, D
Dt
is the material derivative, 
is the gradient operator, p is the ﬂuid pressure, l is the dynamic
viscosity of the ﬂuid, ai(i= 1, 2) and bj(j= 1, 2, 3) are the
material constants, and Ai(i= 1, 2, 3) are the Rilvin–
Ericksen tensors.
Now, if the motion of the ﬂuid is compatible with the ther-
modynamics, then the Clausius – Duhem inequality togetherFigure 1 Flow geometry.
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mum at equilibrium which implies that
lP 0; b1 ¼ b2 ¼ 0; b3 P 0; a1 P 0; ja1 þ a2j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
24lb3
p
;
ð8Þ
for thermodynamically compatible third grade ﬂuid, Eq. (5)
becomes
S ¼ p1Iþ leffA1 þ a1A2 þ a2A21: ð9Þ
where the effective shear-dependent viscosity is
leff ¼ lþ b3trA21: ð10Þ
Then in view of Gauss law of magnetism
r  B ¼ 0; ð11aÞ
the Ampere’s law
r B ¼ lmJ; ð11bÞ
Faraday’s law of induction
r E ¼  @B
@t
; ð11cÞ
Ohm’s law
J ¼ r½Eþ V B; ð11dÞ
in view of (11), we have
r  V ¼ 0;
q DV
Dt
¼ J Bþr  Sþ R;
qcp DTDt ¼ kr2Tþ J  Eþ S  L:
9>=
>; ð12Þ
Then the fully developed ﬂow is governed by the momen-
tum equation
0 ¼  dp
dx
þ l d
2u0
dy02
þ 6b3
d2u0
dy02
du0
dy0
 2
 rB20u
l
K1
1þ 2b3
l
du0
dy0
 2 !
u0 ¼ 0 ð13Þ
while the energy equation for the thermodynamically devel-
oped ﬂow is given by [3]
0 ¼ k d
2T0
dy02
þ l du
0
dy0
 2
þ 2b3
du0
dy0
 4
þ rB20u02 þ
l
K1
1þ 2b3
l
du0
dy0
 2 !
u02: ð14Þ
Additional terms in (14) are due Ohmic heating of the ﬂuid
and the porosity of the channel. The appropriate boundary
conditions for the isothermal ﬂuid ﬂow arethe following.
u0 ¼ 0;T0 ¼ T0 on y ¼ h;
u0 ¼ 0;T0 ¼ T0 on y ¼ h:

ð15Þ
Introducing the following dimensionless variables
y ¼ y0
h
; u ¼ u0
U
; c ¼ b3U2
lh2
; h ¼ TT0
T1T0 ; Br ¼
lU2
kðT1T0Þ ;
Ha2 ¼ rB20h2l ; 1K ¼ h
2
K1
; Ns ¼ h
2EGT
2
0
k T1T0ð Þ2
; X ¼ T1T0
T0
ð16Þ
we obtain the following dimensionless boundary-valued
problemsd2u
dy2
þ 6c d
2u
dy2
du
dy
 2
Ha2u u
K
1þ 2c du
dy
 2 !
þ G ¼ 0; uð1Þ ¼ 0 ¼ uð1Þ; ð17Þ
d2h
dy2
þBr du
dy
 2
1þ2c du
dy
 2 !
þ Ha2þ 1
K
1þ2c du
dy
 2 ! !
u2
( )
¼0; hð1Þ¼0¼hð1Þ: ð18Þ
where u0 is the dimensional ﬂuid velocity, T0 is the dimensional
ﬂuid temperature, c is the dimensionless third grade material
parameter, Br isviscous heating parameter, h is the dimension-
less temperature, u is the dimensionless velocity, G is the
dimensionless pressure gradient, Ha2 is the Hartmann number
that measures the magnetic ﬁeld intensity, B0 is the electromag-
netic induction, r is the conductivity of the ﬂuid, (K1, K) are
the dimensional and non-dimensional porous permeability
parameters, and U is the characteristic velocity.
In order to obtain the solution by regular perturbation
method, we assume that 0 <c<< 1 so that we can form solu-
tions in the following form
uðyÞ ¼ u0 þ cu1 þO c2
 
; ð19Þ
using (21) in (18) and equating orders, we have
c0 :
d2u0
dy2
 Ha2 þ 1
K
 
u0 ¼ G; u0ð1Þ ¼ 0; ð20Þ
c1 :
d2u1
dy2
þ 6 d
2u0
dy2
du0
dy
 2
Ha2u1
 1
K
u1  2u0 du0
dy
 2 !
¼ 0; u1ð1Þ ¼ 0; ð21Þ
using DSolve algorithm in a symbolic computer algebra pack-
age – MATHEMATICA, the solutions of the boundary valued
problems (20) and (21) are obtained and substituted in (19).
With the solution (19) known then (18) can be elegantly solved.
The huge size of the solution suggests that only graphical solu-
tions can be presented as shown in Figs. 2–8.
3. Entropy generation
Heat transfer by convection process within the channel is irre-
versible and entropy generation rate within the channel
becomes continuous due to exchange of energy and momen-
tum within the ﬂuid particles channel. Therefore, the total
entropy generation within the ﬂuid system can be written as
EG ¼ k
T20
dT
dy0
 2
þ l
T0
du0
dy0
 2
1þ 2b3
l
du0
dy0
 2 !
þ rB
2
0
l
u02
"
þ 1
K1
1þ 2b3
l
du0
dy0
 2 !
u02
#
; ð22Þ
where the ﬁrst part is the contribution due to heat transfer in
the direction of ﬁnite temperature gradient and the second part
represents the contribution due to ﬂuid friction irreversibility.
Using the dimensionless parameters and variables (16), we
get the equation for the dimensionless entropy generation rate
as follows
Figure 3 Plot of velocity proﬁle for various values of
Hartmann’s number.
Figure 6 Plot of temperature proﬁle for various values of
Hartmann’s number.
Figure 5 Plot of temperature proﬁle for various values of
Brinkman’s number.
Figure 7 Plot of temperature proﬁle for various values of third
grade material effect.
Figure 4 Plot of velocity proﬁle for various values of porous
permeability parameter.
Figure 2 Plot of velocity proﬁle for various values of third grade
material effect.
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Figure 10 Plot of entropy generation rate for various values of
Hartmann’s number.
Figure 11 Plot of entropy generation rate for various values of
Brinkman’s number.
Figure 8 Plot of temperature proﬁle for various values of porous
permeability parameter.
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dy
 2
þ Br
X
du
dy
 2
1þ 2c du
dy
 2 !"
þ Ha2 þ 1
K
1þ 2c du
dy
 2 ! !
u2
#
ð23Þ
substituting the results obtained in (19) and (18) in (23) the
entropy generation rate within the ﬂow channel can be seen
as shown in Figs. 9–12.
The irreversibility ratio within the channel can then be com-
puted using (23) so as to determine the inﬂuence of heat trans-
fer and ﬂuid friction on the heat ﬂow within the channel.Let us
take N1, and N2 as the heat transfer and viscous dissipation
respectively then
N1 ¼ dh
dy
 2
;N2 ¼ BrX
du
dy
 2
1þ 2c du
dy
 2 !"
þ Ha2 þ 1
K
1þ 2c du
dy
 2 ! !
u2
#
ð24Þ
such that the irreversibility ratio denoted by Bejan number
(Be) can be written asFigure 9 Plot of entropy generation rate for various values of
third grade material effect.
Figure 12 Plot of entropy generation rate for various values of
porous permeability parameter.
Figure 14 Plot of irreversibility ratio for various values of
Brinkman’s number.
Figure 15 Plot of irreversibility ratio for various values of
Hartmann’s number.
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NS
¼ N1
N1 þN2 ¼
1
1þ U ; U ¼
N2
N1
ð25Þ
and shown graphically as Figs. 13–16.
X is the temperature difference parameter, (EG, NS) are the
dimensional and non-dimensional entropy generation rates.
4. Results and discussion
In this section, numerical results are presented to show the
effect of each ﬂuid parameter on the ﬂow. Fig. 2 depicts the
variations in the third grade material effect on the ﬂuid veloc-
ity, from the graph it is evident that increase in the third grade
material is to decrease the ﬂow velocity due to ﬂuid thickening.
This is physically true since the API decreases with speciﬁc
gravity as well as rise in the viscosity of the ﬂuid. The retarding
effect of the Lorentz forces applied in x direction to the ﬂow
channel shown in Fig. 3 is to decrease the ﬂuid velocity. This
is one of the control measures in handling hot moving hydro-
magnetic ﬂuid under extremely high temperature. The
response of the ﬂuid velocity to the porous permeability
parameter is shown in Fig. 4 from the graph it is evident that
as the permeability of the medium increases there is corre-
sponding rise in the ﬂuid velocity.
This shows that the homogeneity of the ﬂow channel will be
attained as the porous permeability increases. Fig. 5 shows the
effect of Brinkman number on the temperature proﬁle. As
shown in the graph, an increase in the Brinkman number leads
to an increase in the temperature distribution within the ﬂow
channel. This is due to the fact that heat energy is stored within
the moving ﬂuid as a result of the viscous heating. Hence, as a
heat source it enhances the temperature at any point in the
ﬂuid. Fig. 6 represents the effect of magnetic ﬁeld on the ﬂuid
ﬂow. From the plot it is observed that an increase in the mag-
netic ﬁeld intensity leads to an increase in the temperature of
the ﬂuid due to the Ohmic heating. Fig. 7 depicts the effect
of third grade material on the ﬂuid ﬂow. It is observed that
an increase in the third grade material effect leads to a decrease
in the ﬂuid temperature. This is physically true due to the
thickening property of the ﬂuid resulting from decreased API
degree of the ﬂuid. On the other hand, effect of the porous per-
meability parameter on the ﬂuid temperature distribution is
shown in Fig. 8. The result shows that as the porousFigure 13 Plot of irreversibility ratio for various values of third
grade material effect.
Figure 16 Plot of irreversibility ratio for various values of
porous permeability parameter.
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increase in the ﬂuid temperature due to increased diffusion
of heat within the ﬂow channel.
Fig. 9 shows the effect of the third grade material effect on
the ﬂuid ﬂow. As shown in Fig. 7, temperature of the ﬂuid
decreases with increasing values of the third grade material
effect. Hence it is expected to lower the entropy generation rate
within the ﬂow channel. Fig. 10 shows the effect of variations
of Hartmann’s number on the entropy generation rate within
the channel. From the plot it is observed that an increase in
the magnetic ﬁeld intensity increases the entropy generation
rate toward the channel walls and oscillated through the chan-
nel center line. This is due to the imbalance in the Lorentz
forces which decreases the ﬂow velocity and the Ohmic heating
of the ﬂuid that enhances the ﬂuid temperature. Moreover, an
increase in the Brinkman parameter is observed in Fig. 11 to
encourage entropy generation rate. This is due to the excessive
production of heat within the channel as the viscous heating
increases as shown in Fig. 5. Moreover, as shown in Fig. 12
an increase in the porous permeability parameter increases
the entropy production at the ﬂuid layers close to the wall
while it decreases at the centerline of the channel.
Figs. 13–16 display the irreversibility ratio for various ﬂow
parameters. In Fig. 13 it is observed that as the third grade
material effect increases ﬂuid friction dominates over the heat
transfer irreversibility in the centerline of the channel while
heat transfer dominates over viscous dissipation at the walls.
Fig. 14 represents the effect of Brinkman number on the irre-
versibility ratio of heat within the channel. As observed from
the graph, at the centerline of the channel ﬂuid friction domi-
nates over heat transfer irreversibility while heat transfer dom-
inates over ﬂuid friction at the walls. This is because as
Brinkman number increases the viscosity of the ﬂuid increases
while the thermal conductivity of the ﬂuid decreases. Fig. 15
shows the effect of Hartmann number on the irreversibility
ratio within the channel. As observed from the graph, ﬂuid
friction dominates over heat transfer at the centerline of the
channel and at the walls but the dominance is more pro-
nounced at the centerline than at the walls. Finally, as shown
in Fig. 16 ﬂuid friction dominates over heat transfer at the cen-
terline of the channel as the porous permeability parameter
increases while heat transfer dominates at the walls.5. Conclusion
In this paper, an analytical study of ﬂow and heat transfer for
hydromagnetic third grade ﬂuid through a channel ﬁlled with
porous medium is investigated. Solutions are obtained using
regular perturbation method implemented on a computer sym-
bolic algebra package-mathematica. The solutions are used to
compute the entropy generation rate and the irreversibility
ratio within the ﬂow channel. The result of the computation
shows that
i. An increase in the third grade material effect and mag-
netic ﬁeld intensity is observed to decrease the ﬂuid ﬂow
velocity while an increase in the porous permeability
parameter is observed to enhance the third grade ﬂuid
ﬂow velocity within the channel.ii. An increase in the porous permeability parameter,
Brinkmann number and magnetic ﬁeld intensity is
observed to increase the temperature distribution within
the channel.
iii. At the centerline of the channel, entropy generation rate
increases with an increase in Brinkman number and
magnetic ﬁeld strength intensity while it decreases with
an increase in third grade material effect and the porous
permeability parameters.
iv. Irreversibility due to ﬂuid friction dominates over the
heat transfer in the centerline of the channel while irre-
versibility due to heat transfer dominates over ﬂuid fric-
tion at the walls.
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